Many empirical and descriptive models have been proposed since the beginning of the 20 th century. In the present study, the powerlaw (Kennelly) and logarithmic (Péronnet-Thibault) models were compared with asymptotic models such as 2-parameter hyperbolic models (Hill and Scherrer), 3-parameter hyperbolic model (Morton), and exponential model (Hopkins). These empirical models were compared from the performance of 6 elite endurance runners (P. Nurmi, E. Zatopek, J. Väätäinen, L. Virén, S. Aouita, and H. Gebrselassie) who were world-record holders and/or Olympic winners and/or world or European champions. These elite runners were chosen because they participated several times in international competitions over a large range of distances (1500, 3000, 5000, and 10000 m) and three also participated in a marathon. The parameters of these models were compared and correlated. The less accurate models were the asymptotic 2-parameter hyperbolic models but the most accurate model was the asymptotic 3-parameter hyperbolic model proposed by Morton. The predictions of long-distance performances (maximal running speeds for 30 and 60 min and marathon) by extrapolation of the logarithmic and power-law models were more accurate than the predictions by extrapolation in all the asymptotic models. The overestimations of these long-distance performances by Morton's model were less important than the overestimations by the other asymptotic models.
Introduction
Many models [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] of running performances based on biomechanics and physiology have been proposed. These models are generally complex. For example, the physiological model proposed by Péronnet and Thibault [7] included the inertia, power, and capacity of the anaerobic and aerobic metabolisms.
Empirical and descriptive models have also been proposed since the beginning of the 20 th century and presented in many reviews [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Empirical models are derived by observation and experimentation rather than by theoretical considerations [14] . The empirical models are less complex than the biomechanical and physiological models but are also less explicative. The most famous empirical models corresponded to a power-law model (Kennelly, 1906) , asymptotic hyperbolic models (Hill, 1927; Scherrer, 1954) , and, more recently, a logarithmic model and 3-parameter asymptotic models (Hopkins, 1989; . The asymptotic models correspond to horizontal asymptote equations: the functions approach a horizontal line when t lim tends to infinity. In these models, it is assumed that the speeds lower than these asymptotes can be maintained infinitely.
The empirical models of running exercises are often used to estimate (i) the improvement in performance [22] (ii) the effects of age [23, 24] and sex [25, 26] on running performance (iii) the future performances and running speeds over given distances (iv) the endurance capability [7, 8] , that is, "the ability to sustain a high fractional utilization of maximal oxygen uptake for a prolonged period of time"
(v) the speed of training sessions [27] (vi) the maximal aerobic speed [7, 8] The maximal aerobic speed, otherwise known as MAS, is the lowest running speed at which maximum oxygen uptake (V02 max) occurs, and is also referred to as the velocity at V02 max (vV02 max). MAS is useful for training prescription and monitoring training loads. Péronnet and Thibault suggested estimating MAS by computing the maximal speed corresponding to 7 min [8] . The maximal lactate steady state, defined as the highest constant power output that can be maintained without a progressive increase in blood lactate concentration, is usually sustainable for 30 to 60 min. [28] [29] [30] . The first studies on the modelling of running performances were based on the world records because these records measured under standard external conditions represent the most reliable index of human performance [31, 32] . The running times of the slower runners are more variable than those of the faster runners [33] . The best performances of world elite runners are probably very close to their maximal performances because they generally correspond to the results of many competitions against other elite runners and the motivation is probably optimal during these races. Now, the best performances of elite endurance runners who ran on different distances and were the best of their times can be found on the Internet (Wikipedia, etc.). Therefore, it is possible to study the characteristics of the different models which have been proposed for endurance exercises with the best performances of elite endurance runners.
The performances of different runners were used in each study on the modelling of world and Olympic records [7, 22, 31, 32, 34, 35] . In contrast, in the present investigation, each model was computed only from the performances of a single runner. The computations of each model were repeated for different world elite endurance runners (P. Nurmi, E. Zatopek, J. Väätäinen, L. Virén, S. Aouita, and H. Gebrselassie) who were world-record holders and/or Olympic winners and/or world or European champions. They participated several times in international competitions over the same distances (1500, 3000, 5000, and 10000 m) that corresponded to a large range of distances. Their best individual performances are presented in Table 1 .
Moreover, if a model is not perfect for a large range of performances, the values of its parameters computed from different ranges of distances will be significantly different. In the present study, the parameters of the different models were computed with 3 ranges of distances:
(i) 1500-3000-5000-10000 m for the largest range (ii) 1500-3000-5000 m, which is equivalent to the range of t lim generally used in the studies on critical speed or critical power (from 3 to 15 min) (iii) 3000-5000-10000 m, which corresponds to exercises slower than maximal aerobic speed Several previous investigations studied the evolution of the parameters in the models of running performances at different times [22, 34] . Similarly, the six elite endurance athletes of the present study ran at different times and their performances were performed in different conditions (cinder tracks versus synthetic tracks, nutrition, etc.) and were the results of different running exercises (for example, an equivalent of fartleck for Nurmi, an equivalent of intervaltraining for Zatopek, and altitude training for Gebrselassié), which could partly explain the evolution of the performances in these world elite runners and could also change the best model of individual running performances. The present study (1) applied the power-law and logarithmic models and four asymptotic models (two 2-parameter hyperbolic models, a 3-parameter hyperbolic model, and a 3-parameter exponential model) to the individual performances of the elite runners, (2) compared the accuracy of these models and the effects of the range of performances on their parameters to assess which is the best model, and (3) compared the predictions of MAS by interpolation and the prediction of maximal running speeds for long distances (30, 60 min and also marathon in 3 runners) by extrapolation. (Kennelly) . In 1906, Kennelly [12] studied the relationship between running speed (S) and the time of the world records (t lim ) and proposed a power law:
History of the Power-Law, Hyperbolic, Logarithmic, and Exponential Models

Power-Law Model
where k is a constant and g an exponent. This power law between distance and time corresponds to a power law between time and speed (S):
Exponent g is probably an expression of endurance capability. Indeed, the t lim -D lim relationship would be perfectly linear if g is equal to 1. It is likely that the curvatures of the t lim -S and t lim -D lim relationships depend on the decrease in the fraction of maximal aerobic metabolism that can be sustained during long lasting exercises. The value of exponent g is independent of scaling as it is independent of the expression of t lim , S, and D lim .
In theory, parameter k should be correlated to maximal running speed because k is equal to the maximal running speed corresponding to one second. Indeed, when t lim is equal to 1s
In 1981, a similar power-law model was proposed by Riegel [36] :
As
and
These equations of Riegel have recently been applied to a large study on 2303 recreational endurance runners [37] . (Hill, Scherrer) . In 1927, Hill [1] proposed a hyperbolic model to describe the world-record curve in running and swimming. Hill observed that the "running curve," or the relationship between a runner's power output (P) and the total duration of a race (T), can be described by a hyperbolic function:
Hyperbolic Model
where A and R represent the capacity of anaerobic metabolism and the rate of energy release from aerobic metabolism, respectively. In 1954, Scherrer et al. proposed a linear relationship [38] between the exhaustion time (t lim ) of a local exercise (flexions or extensions of the elbow or the knee) performed at different constant power outputs (P) and the total amount of work performed at exhaustion (W lim ) for t lim ranging between 3 and 30 minutes:
Consequently, the relationship between P and t lim is hyperbolic:
After the publication of an article in English (1965) by Monod and Scherrer [39] , Ettema (1966) applied the critical-power concept to world records in running, swimming, cycling, and skating exercises [40] and proposed a linear relationship between D lim and t lim for world records from 1500 to 10000 m:
where t lim corresponded to the world record for a given distance (D lim ). It was assumed that the energy cost of running, i.e., the energy expenditure per unit of distance, was almost independent of speed under 20 km.h −1 . Consequently, D lim and parameter a were equivalent to amounts of energy. Therefore, parameter a has been interpreted as equivalent to an energy store and an estimation of maximal Anaerobic Distance Capacity (ADC expressed in metres) for running exercises whereas slope b was considered as a critical velocity (S Crit ).
However, the linear W lim -t lim was an approximation as indicated by Scherrer and Monod (1960) : "The relationship W = f(t) is not perfectly linear as shown on Figure 2 (a), where the curves tend towards abscissa beyond 30 minutes" [41] . In the study by Ettema in 1966, S Crit and ADC depended on the range of t lim , which was confirmed by more recent studies [42, 43] . In 1981, the linear W lim -t lim relationship was adapted to exercises on a stationary cycle ergometer and it was demonstrated that slope b of the W lim -t lim relationship was highly correlated with the ventilatory threshold [44] . Therefore, slope b was proposed as an indicator of general endurance and the concept of critical power or critical velocity was again studied. Different equations were proposed for the estimation of S Crit (or CP). For example, S Crit on a treadmill [45] was computed from the linear relationship between D lim and the inverse of t lim (1/t lim ):
More recently, Morton [15] proposed a fourth model for the critical power, a nonlinear model including a third parameter corresponding to maximal instantaneous power (P max ). This model has been adapted to running exercises with an instantaneous maximal running speed (S Max ):
Actually, the different asymptotic hyperbolic models are the most used and studied [46] . (Péronnet-Thibault) . The metabolic model proposed by Péronnet and Thibault [7, 8] included factors that took into account the contributions of aerobic and anaerobic metabolism to total energy output according to the duration of the race. The inertia of the aerobic metabolism at the beginning of the exercise was also included in the model. In addition, the use of anaerobic store S A was assumed to decrease beyond T MAP (exhaustion time corresponding to maximal aerobic power):
Logarithmic Model
A runner is only capable of sustaining his maximal aerobic power for a finite period of time. The performances in long distance events depend on the ability to utilize a large percentage of V O2 max over a prolonged period of time (endurance capability). Péronnet and Thibault [7, 8] assumed that t lim corresponding to maximal aerobic speed (t MAS ) is equal to 7 min. They proposed the slope (E) of the relationship between the fractional utilization of MAS and the logarithm of t lim /7min (420 s) as an index of endurance capability:
where MAS is the maximal running speed corresponding to 7 min and E is the endurance index corresponding to MAS (E =100 E 7min /MAS). There was a significant correlation between the ventilatory threshold and E in marathon runners [47] , which suggested that E was an index of aerobic endurance. The values of E and MAS 7min can be estimated from two running performances with a nomogram [48] .
Exponential Model.
Hopkins et al. [13] have presented an asymptotic exponential model for short-duration (10 s -3 min) running exercises on a treadmill with 5 different slopes (9 to 31%). This model was
where I ∞ is the slope corresponding to infinite time, I 0 the slope corresponding to a time equal to zero, I t the slope corresponding to t lim , and is a time constant. This model can be adapted to running exercises on a track:
This asymptotic exponential model derived from Hopkins' model has been used and compared to the different asymptotic hyperbolic models in several studies [49] [50] [51] [52] .
Methods
The logarithmic, power-law, and hyperbolic models which are 2-parameter models were computed by linear least-square regressions between time data and speed data (or distance data). 
If Y = X -B , the logarithm of Y is equal to
If Y = A * X -B , the logarithm of Y is equal to
where C = ln(A) and exp(C) = exp[ln(A)] = A. Therefore, the power laws between t lim and D lim or S can be determined by computing the regression between the natural logarithms of D lim and t lim :
Computation of the Hyperbolic Models.
In the present study, three estimations of critical velocity (S Crit1 , S Crit2 , and S Crit3 ) were computed:
where Y = S; X = 1/t lim ; 2 = S Crit2 ; 2 = ADC 2 In the 3-parameter model by Morton 
where Y 0 = -C, b = -S Crit3 , and ab = ADC 3 Unfortunately, there was no convergence of the iteration. Therefore, an iteration was tested for another equation: 
where Y = S, Y 0 = S Crit3 , ab = ADC 3 , and b = C. As the value of S max = S Crit3 + ADC/C
Fortunately, there was a convergence in the iteration for this equation.
Computation of the Logarithmic
Model. The value of E was estimated by computing the regression between S and the logarithm of t lim /420 for the different distances:
When t lim = 420, S is equal to MAS and ln(t lim /420) is equal to 0. Therefore S = MAS = + 0
Computation of the Exponential Model.
At least three distances are necessary to compute Hopkins' model (see (19) ) which is a three-parameter model (S ∞ , a 1 , and b 1 ) like Morton's model.
The regressions were computed by an iterative least square method for a single exponential decay formula with 3 parameters (Y 0 , a, and b):
where X = t lim , Y 0 = S ∞ , = a, and = b 7, 30, and 60 Minutes. The estimations of the individual maximal running speeds corresponding to 7 minutes (estimation of maximal aerobic speed, MAS) were performed by interpolation from the 1500-3000-5000m performances. The estimations of the maximal running speed during 30 min were done by extrapolation from the 1500-3000-5000m performances. The 30-min running times were compared with the 10000 m performances (S 10000 ).
Estimations of Maximal Running Speeds corresponding to
The estimations of the maximal running speed during 60 min were done by extrapolation from the 1500-3000-5000-10000 m performances.
Accuracy of the Estimations of Running Speed.
The individual running speeds corresponding to the different distances (1500, 3000, 5000, and 10000 m) were estimated from the individual regressions of the different models and compared with the actual speeds for the same distances. First, for each model, the individual running speeds corresponding to t lim between 1 and 1900 s were computed from the individual regressions with an increment equal to 1 s. Secondly, the individual relationships between distance and the estimated value of t lim were computed by multiplying t lim and the corresponding estimated speed (distance = speed x time). Then, the individual estimated values of running speed corresponding to 1500, 3000, 5000, and 10000 m were registered and compared with the actual values of running speeds.
Thereafter, the ratios of estimated speed to actual speed were computed for each distance and each runner.
Statistics.
All the computations of the model and the statistics were performed with the SigmaPlot software (Systat, Chicago, USA).
Comparisons of the Parameters.
The comparisons of the parameters, computed from different ranges of distances or from different running models (S Crit1 , S Crit2 , S Crit3 , S ∞ , S Max , and S 0 ), were studied with a nonparametric paired test (Wilcoxon signed rank test) since the sample sizes were low (6 runners). Significance was accepted at critical P<0.05. The probability was equal to 0.031 in Wilcoxon signed rank test when all the individual values of a parameter are either lower or higher than all the corresponding individual values of a parameter in another model (or another performance range).
Comparison of the Accuracy in the Different Models.
In statistics, the sum of the squares of residuals (deviations predicted from actual empirical values of data) is a measure of the discrepancy between the data and an estimation model. A small sum of the squares of residuals indicates a tight fit of the model to the data.
However, in the present study, the comparisons of the accuracy in the different models cannot be based on the differences in the sums of the squares of residuals because the residuals in the power-law model corresponded to the logarithm of the residuals and because the individual regression of the first hyperbolic model (S Crit1 ) did not correspond to regressions between t lim and running speeds (S) but regressions between t lim and distances (D lim ). Moreover, it would be assumed that there was a homoscedasticity in the residuals of the running speeds, which could not be tested with only 4 datasets in an individual regression. In addition, the residuals of computed running speeds could be more important in the faster runners. In the present study, the residuals were computed as equal to the differences between 1 and the ratios of estimated speed to actual speed for each distance and each runner. For a given running model, the squares of these residuals were computed for each distance and each runner, which corresponded to 24 squares (4 distances x 6 runners). The values of the squares of a model were compared with the values of squares for the same distances and same runners in another model. The statistical significance values of the 24 paired differences between two running models were tested with paired Student's t-tests after normality tests (Kolmogorov-Smirnov tests). When the normality tests failed, the paired Student's t-tests were replaced with the Wilcoxon signed rank tests.
In addition, for each runner, the sum of squared errors for the four distances was computed for each model. The square root of the mean of this sum (root mean square error, RMSE) was computed for each runner and each model. A large error has a disproportionately large effect on RMSE which is, consequently, sensitive to outliers.
Results
Power-Law Model Applied to Elite Runners.
The effects of the distance range were not significant for exponent g (0.063 < P < 0.125) as well as parameter k (0.063 < P < 0.094).
The estimations of the logarithm of running speeds (S) were close to the logarithm of actual speeds (Figure 1(a) ). The correlation coefficients of the individual linear relationships (see (5) ) between ln(S) and ln(t lim ) or ln(D lim ) and ln(t lim ) were higher than 0.999 in all the runners for 1500-10000m.
Similarly, the ratios of estimated to actual speeds (Table 3 ) for the four distances were accurate: the errors were lower than 1%, except the 10000 m performance by Nurmi (error equal to 1.1%).
Marathon performances were under the extrapolation of the lines of regression computed from the 1500-10000 m track performances ( Figure 1(b) ).
Hyperbolic Model Applied to Elite Endurance Runners
S Crit1
Model. The linear relationships between time (t lim ) and distance (D lim ) are presented in Figure 2 . For all the runners, the correlation coefficients of the linear regression between t lim and D lim were higher than 0.999 for the different ranges of D lim . Parameters S Crit1 and ADC 1 are presented in Table 4 . As in previous studies on critical power [42, 43] , the values of S Crit1 depended of the range of t lim . All the differences in S Crit1 and ADC 1 were significant (P = 0.031 in the Wilcoxon signed rank test): the values S Crit1 computed from 1500 to 5000m were significantly higher than S Crit1 computed from 3000 to 10000m. The ratios of the estimated running speeds to the actual speed estimated from S Crit1 model are presented in Table 5 . The errors are moderate (< 2%) except for 1500 m.
The values of ADC 1 largely depended on the range of performances as shown in Figure 3 . When the individual critical speeds decreased because of a change in the range of performances, the corresponding ADC 1 increased. These increases in ADC 1 were much more important than the decrease in S Crit1 . For example, S Crit1 computed from 3000-10000 m was 3.8% lower than S Crit1 computed from 1500-5000 m (Table 3) whereas the corresponding increase in ADC 1 was equal to 79% (319 ± 53 m versus 178 ± 39 m, Figure 3 ).
S Crit2
Model. The individual S-1/t lim relationships were not linear (Figure 4 (a)) when long distances (10 km) were included. The correlation coefficients of the linear regressions between 1/t lim and D lim were equal to 0.976 ± 0.0126. Parameters S Crit2 and ADC 2 depended on the range of distances (Table 6 ). All the differences in S Crit2 and ADC 2 in function of the distance ranges were significant (P = 0.031). When S Crit2 decreased because of a change in the range of performances, the corresponding ADC 2 increased. These variations in ADC 2 were much more important than the variation in S Crit2 (Table 6 ).
Comparison of the S Crit1 and S Crit2
Models. As in previous studies [49] [50] [51] [52] , the estimates of S Crit differed according to the mathematical model used to describe the speed-t lim relationships. The values of S Crit2 (Table 6 ) were significantly higher (P = 0.031) than S Crit1 (Table 4) . Indeed, the values of S Crit1 were slightly lower in all the elite endurance runners than the value of S Crit2 when they were computed with three (Table 6 ) were significantly lower (P = 0.031) than ADC 1 (Table 4 ) but were significantly correlated (0.940 < r < 0.992; P <0.001).
Interestingly, as shown in Figure 5 (b), the values of S Crit1 were equal to S Crit2 when both were computed from the same two distances, only (for example, 1.5 and 10 or 3 and 10 km). Similarly, ADC 1 and ADC 2 were equal when both were only computed from the same two distances.
For all the runners, the correlation coefficients for the linear regressions between 1/t lim and D lim in S Crit2 model were lower than for the t lim -D lim regressions in S Crit1 model. In contrast, the ratios of estimated to actual speeds (Table 7) were more accurate in the S Crit2 model: the errors on 1500 m and RMSE were lower (P = 0.031) than in the S Crit1 model. On the other hand, the errors on 10000 m were higher (P = 0.031) in the S Crit2 model.
Morton's Model Applied to Elite Runners.
In all the runners, the performances estimated from Morton's model were very close to their actual performances ( Figure 6 ). When the 3-parameter model by Morton was computed with 4 distances (from 1500 m to 10000 m), the correlation coefficient was very high (0.999 ± 0.000752) in all the runners. When this model was computed with 3 distances (1500-3000-5000 m or 3000-5000-10000 m), the correlation coefficients were equal to 1 in all the runners. The differences in S Crit , S Max , and ADC between the ranges of distances (Table 8) were all significant (P = 0.031). The ratios of estimated to actual speeds are presented in Table 9 . In all the runners, the errors were very low (< 0.5%) for all the distances, from 1500 to 10000 m. However, the values of S corresponding to a marathon were overestimated in the three runners who participated in this road competition ( Figure 6(b) ).
Logarithmic Model Applied to Elite
Runners. The values of parameters E and MAS in the logarithmic model depended on the range of running distance (Table 10 ) but these differences were not significant for MAS between 1500-10000 and 1500-5000 ranges and for E between 1500-5000 range and the two other distance ranges (P = 0.063). The correlation coefficients were high, 0.995 ± 0.005, for the logarithmic model including the four distances from 1500 to 10000 m. The ratios of estimated to actual speeds for the four distances were accurate (Table 11 ): all the errors were lower than 1%. When the 1500 m distance was not included as suggested by Péronnet and Thibault [7, 8] , the correlation coefficient was higher (0.999 ± 0.002). The individual running performances between 3000 and 10000 m were well described by the logarithmic model as shown by the linear regressions between speed and the logarithm of t lim (Figure 6(a) ).
All the individual 1500m performances were above the individual regression lines computed from 3000 to 10000 m ( Figure 6(a) ) as in the logarithmic model including the 1500 m performances (Table 10) .
On the other hand, marathon performances were under the extrapolation of the lines of regression computed from the 3000-10000 m track performances (Figures 7(a) and 7(b) ).
Exponential Models Applied to Elite
Runners. The relationships between t lim and S in the exponential model are presented in Figure 8 .
As for the other models, the values of parameters S ∞ , S 0 , and 1/ depended on the range of t lim -D lim (Table 12) .
When computed from 4 distances (Figure 8 ), the individual regressions were accurate (r = 0.998 ± 0.0014). Similarly, the ratios of estimated to actual speeds for the four distances were highly accurate (Table 13 ): all the errors were lower than 0.75%. As expected, the 3-parameter model was more accurate (r = 1) for the description of the elite runner performances when it was computed from 3 distances (1.5-3-5 km or 3-5-10 km), only.
Prediction of Running Speeds
Prediction of Maximal Aerobic Speed.
Maximal aerobic speed (MAS) can be estimated by computing the maximal speed corresponding to 7 min [7, 8] from the different models. These estimations (Table 14) were performed by interpolation from the 1500-5000m performances. The effect sizes were small for all the differences (0.037 < Cohen's d < 0.218). The estimations of MAS were almost equal for S Crit1 and S Crit2 models that were significantly lower than the estimations of all the other models. The differences between all the other models were not significant (P ≥ 0.063).
The correlations between the different estimations were highly significant (r > 0.998; P < 0.001).
Prediction of Maximal Speed during 30
Min. The estimations of the maximal running speed during 30 min done by extrapolation from the 1500-5000m performances are compared with the 10000 m performances (S 10000 ) in Table 15 . The correlations between the different estimations were highly significant (r ≥ 0.860; P < 0.0025). All the different estimations were significantly correlated with S 10000 (r ≥ 0.989; P < 0.001). The effect sizes were small for the power-law and logarithmic models (Cohen's d = 0.131) or for the hyperbolic and exponential models (Cohen's d = 0.033) but large for the difference between power-law and exponential models (Cohen's d = 0.742). The 30-minute running speed estimated from asymptotic models was significantly higher than those estimated from power-law and logarithmic models (P = 0.031). The 30-min running speed was overestimated by the hyperbolic and exponential models because these estimations were approximately 2.5% higher than S 10000 (P = 0.031) although the individual values of t lim corresponding to 10000 m (Table 2) were lower than 1800 s (from 1583 to 1734 s) except for Nurmi (1806 s). On the contrary, the 30-minute estimated speeds computed with the logarithmic and power-law models were probably close to the actual 30-minute performances since they were slightly lower (0.7 and 1.4%) than S 10000 .
Prediction of Maximal Speed during 60
Min. The estimations of maximal running speed during 60 min (Table 16) were done by extrapolation from the 1500-10000 m performances. The effect size between power-law and logarithmic models was small (Cohen's d = 0.073). All the predictions of the 60-min speeds from the different models were significantly correlated (r ≥ 0.964; P < 0.002). However, the 60-minute running speed predicted from the asymptotic models was significantly higher (P = 0.031) than those estimated from power-law and logarithmic models. Moreover, the prediction of the 60-minute running speed from the power-law model was higher than that from the logarithmic model (P = 0.031). It is possible that the 60-minute running speeds estimated from power-law and logarithmic models were slightly overestimated because the world record on one hour by Gebrselassie was about 2.5% slower ( 
Prediction of Marathon Performances.
The overestimations of the marathon running speed (Figure 9 ) by the different models were similar in the 3 runners. The predictions of marathon running speeds from the logarithmic model (red curves in Figure 9 ) were 5.216 m.s −1 for Zatopek, 5.457 m.s −1 for Viren, and 5.792 m.s −1 for Gebrselassié, which corresponded to overestimations equal to 6.1%, 3.4%, and 2.1%, respectively. The overestimations by the power-law model (blue curves in Figure 9 ) were slightly higher than those of the logarithmic model in the 3 runners.
On the other hand, the overestimations were more important with the four asymptotic models (hyperbolic models and exponential model). These overestimations by the asymptotic models were similar for the 3 runners who ran the marathon distance. The large overestimations were similar for the S Crit1 and S Crit2 models (orange curves) and exponential model (black curve). In the 3 marathon runners, the lowest overestimations by an asymptotic model corresponded to Morton's model (green curves).
Comparison of the Accuracies of the Different Models.
For the modelling of the four distances (from 1500 to 10000 m), the lowest mean values of the RMSE of the six runners corresponded to Morton's model (Table 17) . The statistical significance values of the differences of the squared errors between the different models for the four distances and six runners (n = 24) are presented in Table 18 . The accuracy of Morton's model was significantly better than those of all the other models. The accuracies of the powerlaw and logarithmic models were not statistically different. The accuracies of S Crit1 and S Crit2 models were not statistically 
Correlations between the Parameters of the Different Models
Correlations of the Endurance Indices.
In Table 19 , the comparisons of the endurance indices concern the indices computed with the running performances from 1500 to 5000 m that corresponded to the usual range of t lim (3.5 to 15 min) in the studies on the modelling of the individual performances in nonelite runners. The correlations between the dimensionless indices (E and g) and either S Crit1 or S Crit3 or S ∞ were not significant. In contrast, S Crit1 , S Crit3 , and S ∞ were significantly correlated. When S Crit1 was normalised to an estimate of maximal aerobic speed (S 420 ) computed from the same model (Table 14) , its correlations with the dimensionless indices g and E became significant (Table 19) . After normalisation to S 420 computed from the same model (Table 14) , the correlation coefficients between S Crit3 or S ∞ and the dimensionless indices (E and g) increased but were not significant. Parameter S Max was significantly higher than S 0 (P = 0.031). Parameter k was significantly higher than S Max and S 0 (P = 0.031).
Correlations between S , S
When S Max , S 0 , and k were computed from 3 distance performances (1500-3000-5000) their values were significantly higher (P = 0.031) for S Max and S 0 but there was no significant correlation between S Max , S 0 , and k (r ≤ 0.788; P ≥ 0.063).
Discussion
Interestingly, for a given distance and a given model, the ratios of estimated to actual speeds were similar for the six runners (Tables 3, 5 , 7, 9, 11, and 13). Indeed, for a given distance and a given model, the ratios of estimated to actual speed were not spread around 1 but either all the ratios were higher than 1 or all were lower (except several runners in the power-law model and one in the logarithmic model). Therefore, the modelling of the running performances was probably similar for the six elite runners although they ran in different conditions and they were probably trained according to different programmes. However, it cannot be excluded that there were submaximal performances in some runners. Indeed, the models would be similar if the ratios of submaximal speeds to maximal speeds are the same for each distance in a runner.
Effects of the Range of t .
In the present study, there were significant differences in the parameters computed from the 3 different ranges of distances for the 3 hyperbolic models and the exponential model.
The effect of the range of t lim on a parameter is the most important for parameter ADC computed from the 3 different hyperbolic models (Figure 3 and Tables 4, 6 , and 8).
When the individual critical speeds decreased because of a change in the range of performances, the corresponding ADC increased. These increases in ADC 1 (79%) were much larger than the decreases in S crit1 (3.8%) in the present study. The dependence of ADC on the range of performances can be verified (Figure 10 ) with the data of 19 elite endurance runners (Table 8 ) than in S Crit1 and S Crit2 models (Tables 4 and 6 ). Therefore, the anaerobic capacity cannot be estimated from the hyperbolic models.
Endurance Indices.
Parameter E of the logarithmic model by Péronnet and Thibault is an estimation of endurance capability [7, 8] . However, the validity of parameter E as an endurance index is questionable because MAS is computed assuming that the value of t lim corresponding to MAS (t MAS ) is equal to 7 min (420s) [7] , which is contested. Indeed, in a review on the exhaustion time at V O2 max [53] , the value of t MAS was 6 min. In another study on the energetics of the best performances in middle distance running [9] the value of t MAS was estimated as equal to 14 min. Therefore, the interest of parameter E as an endurance index can be questioned because it depends on t MAS . The effect of t MAS on the endurance index by Péronnet-Thibault can be calculated [54] :
The slopes between S and t lim are the same. Therefore
In Figure 11 , this relationship between ratio E T /E 420 and T (see (35) ) is computed for 3 theoretical runners: an elite endurance runner (E 420 = 4), a medium level endurance runner (E 420 = 8), and a low level endurance runner (E 420 = 16). The effect of t MAS is much more important in the low level endurance runner than in the elite endurance runner (Figure 10 ).
Large variations in t MAS have small effects on the classification of runners because the differences in E 420 between elite and medium or low level runners are very large (from 4 to 16). For example, if t MAS is equal to 14 min instead of 7 min, the medium level endurance runner would still be considered as a medium level endurance runner in spite of the increase of E (8.47 instead of 8). Similarly, the elite endurance runner would still be considered as an elite runner in spite of the increase in E (4.11 instead of 4) if t MAS is also equal to 14 min instead of 7 min. On the other hand, if t MAS is equal to 4 min instead of 7 min, the medium level endurance runner would still be considered as a medium level endurance runner in spite of the decrease in E (7.66 instead of 8.00). Similarly, Figure 11 : Effect of t MAS (T) on the ratio E T /E 7min for an elite endurance runner (E 7min = 4), a medium level endurance runner (E 7min = 8), and a low-level endurance runner (E 7min = 16).
the low level endurance runner would still be considered as a low level endurance runner in spite of the decrease in E (14.7 instead of 16) if t MAS is also equal to 4 min instead of 7 min.
The endurance capability can also be estimated by the asymptotic models if parameters S Crit1 , S Crit2 , S Crit3 , and S ∞ are normalised to maximal aerobic speed (MAS). However, the values of MAS computed from the asymptotic models also depend on t MAS . Therefore, the validity of these endurance indices is questionable.
Parameter g of the power-law model by Kennelly has a high interest because it can be demonstrated that exponent g is a dimensionless index of endurance that does not depend on t MAS unlike parameter E in the logarithmic model. The curvature of the D lim -t lim equation depends on exponent g. In the elite endurance runners the D lim -t lim equation is almost perfectly linear (Figure 2 ) whereas this equation is more curved in runners who are not endurance athletes. For example, exponent g was close to 1 in elite endurance runners and lower than 0.9 in physical education students [55] . It can be demonstrated that exponent g is equal to the ratio of the slope of the D lim -t lim equation to MAS when t lim is equal to t MAS . Indeed, the slope of D lim -t lim is equal to the first derivative of the power-law equation. Therefore, the slope of the D lim -t lim equation is equal to
For t lim equal to t MAS , the running speed corresponds to MAS:
Therefore When t lim = t MAS ,
Consequently, the ratio of the D lim -t lim slope to MAS corresponding to t MAS is equal to exponent g and is independent of t MAS unlike the endurance indices computed from the other models. In Figure 12 (a), D lim and t lim are normalised to D MAS (D lim at MAS) and t MAS , respectively.
The slope of the line joining two points corresponding to t lim1 and t lim2 of the D lim -t lim curve in Figure 12 (b) is equal to exponent g when it is parallel to the tangent of the curve at t MAS . In Figure 12 (b), ratio t lim1 /t mas is equal to 0.4 and ratio t lim2 /t lim1 is equal to 4.23. In many studies on S Crit (or P Crit ) the range of t lim is from 3 to 15 min, which corresponds to t lim1 equal to about 0.4-0.5 t MAS (if t MAS corresponds to 7 or 6 min) and ratio t lim2 /t lim1 about 4-5. This range of t lim also corresponds to the performances on 1500 and 5000 m in endurance runners. In the present study, when S Crit1 is computed from 1500-3000-5000m and is normalised to S 420 (Table 14) , the value of S Crit1 /S 420 is equal to 0.934 ± 0.016 and is significantly correlated (r = 0.976; P < 0.001) to g (0.934 ± 0.16). The product of exponent g and MAS is the equivalent of a critical speed computed from a 3-15-minute t lim range. For example, the product of exponent g and S 420 estimated from power-law model (Table 14) is equal to 6.04 ± 0.30 m.s −1 and is significantly correlated (r = 0.998; P < 0.001) with S Crit1 that is slightly but significantly (P = 0.031) lower (5.99 ± 0.31 m.s −1 ). The similar values of S Crit /S 420 and g and the close values of S Crit1 and product g * S 420 and their significant correlation confirm the hypothesis that exponent g is an endurance index.
Correlations between the Parameters of the Different Models.
The correlation between g and E was highly significant (r = 0.999, Table 19 ), which confirms the hypothesis that exponent g is an endurance index. Parameters S Crit1 , S Crit2 , S Crit3 , and S ∞ were highly correlated (P ≥ 0.965). These parameters that depend not only on endurance capability but also on maximal aerobic speed were not correlated with dimensionless parameters g and E (r ≤ 0.551). When S Crit1 , S Crit3 , and S ∞ were normalised to an estimate of maximal aerobic speed (S 420 ) computed from their model (Table 14) , these parameters became dimensionless. The value of S Crit1 /S 420 was significantly correlated with the dimensionless indices g, and E (Table 19) . After normalisation to S 420 , the correlation coefficients between S Crit3 /S 420 or S ∞ /S 420 and E or g increased (r ≥ 0.676) but were not significant perhaps because of the small number of runners. Indeed, a correlation coefficient equal to 0.6664 would have been significant if there were 9 runners.
A study [56] compared the critical speeds from different mathematical models in 12 middle-or long-distance male runners on a track in order to determine which model provides the most accurate prediction of performance in 1 hour. In this latter study, the parameters S Crit1 , S Crit2 , S Crit3 , and S ∞ were also significantly correlated (0.85 < r < 0.99, p < 0.01) and the differences between these different critical speeds were the same as in the present study for the 1500-5000 m range: S Crit3 < S Crit1 < S Crit2 < S ∞ .
The meaning of parameters S Max (Morton's Model) and S 0 (exponential model) is identical and corresponds, in theory, to maximum running speed. When S Max and S 0 were computed from the 4 distance performances (from 1500 to10000 m, Tables 8 and 12 ), these parameters were significantly correlated (r = 0.824; P = 0.044). However, S Max was significantly higher than S 0 (P = 0.31). When S Max and S 0 were computed from the 3 distance performances (from 1500 to 5000 m) their values were higher. A previous study [57] compared which parameter (S Max or S 0 ) is closest to maximum speed by measuring maximal velocity during a sprint. The values of S Max and S 0 were well correlated (r = 0.93, P<0.001) but they were significantly different. As in the present study, S Max (7.80 ± 0.93 m.s −1 ) was higher than S 0 (7.49 0.90 m.s −1 ) but lower than the actual maximum speed (8.43 ± 0.33 m.s −1 ) on a track. However, S Max and S 0 were computed from the performances on a treadmill whereas the actual maximum running speed was measured on a track during short sprints with photocells placed at 30 and 40 m. It is likely that it would be better to measure actual maximum speed during a 60 m sprint on a track with a laser apparatus and to compare it with S Max and S 0 from Morton's model and exponential models computed from performances on a track instead of a treadmill.
In the present study, parameter k of the power-law model was 25% higher than S Max and 31% higher than S 0 . However, k was significantly correlated with S Max and S 0 . These results confirm the hypothesis that parameter k should be correlated with the maximal running speed because it is equal to the running speed corresponding to one second. However, the value of k depends on the time unit. If the running performances are evaluated in minutes, parameter k would be equal to the maximal speed corresponding to 1 minute whereas S Max and S 0 would still correspond to maximal running speed but expressed in m.min −1 .
Prediction of Long Distances.
The asymptotes of hyperbolic and exponential model correspond to S Crit1 , S Crit2 , S Crit3 , and S ∞ , respectively. In these models, the speeds lower than these asymptotes can be maintained infinitely. Therefore, the extrapolations of the asymptotic hyperbolic and exponential models overestimate the running speeds on very long distances ( Figure 9 ). In fact, power-law and logarithmic models are also asymptotic models but these asymptotes are equal to zero. The overestimations of marathon performances from the extrapolations of power-law and logarithmic models (Figures 1(b) , 6(b), and 9) are much smaller. Similarly, the computations of 30-minute and 60-minute running speeds by extrapolation of the asymptotic models (Table 7) were probably overestimations whereas the extrapolations of the power-law and logarithmic models were probably close to the actual running speeds.
The overestimations of marathon performances by the logarithmic and power-law models (Figures 1, 6 , and 9) are probably due not only to the causes of fatigue in long distances [58] but, perhaps, also to the effects of ground (track versus road, slopes, etc.), wind, shoes, and age.
Which Is the Optimal Empirical Model?
The optimal running model is an accurate, useful, and practical model.
Which Is the Most Accurate Model?
When computed from 4 distances, the individual correlation coefficients of all the models were high in all the elite runners. The correlation coefficients were the highest for the 3-parameter models by Morton and Hopkins and they were equal to 1 when they were computed from 3 distances only. These correlation coefficients equal to 1 were expected. Similarly, the regression coefficients of all the 2-parameter running models would have been equal to 1, if they were computed with only two distances.
The values of RMSE were the lowest for the 3-parameter models (Table 17 ). Morton's model was the most accurate as demonstrated by the ratios of estimated to actual running speeds which were very close to 1 for each distance (Table 9) . Indeed, the differences between the estimated to actual running speeds were lower than 0.5% in each distance for all the runners. This model was significantly more accurate than all the other models as shown in Table 18 .
However, if a running model is perfect, there should be no significant difference between its parameters computed from different ranges of distances. Morton's model was probably not perfect because its parameters were significantly different (P = 0.031) when they were computed from different ranges of distances. In the present study, the empirical models consist of single equations and are less complex than the physiological and biomechanical models, which probably explained that the parameters of all these empirical models depended on the range of t lim . Indeed, the causes of fatigue differ for short, medium, and long distances [58] .
The S Crit1 and S Crit2 models and the concepts of critical speed (or critical power) are by far the most used and taught [21, 46] . Nonetheless, S Crit1 and S Crit2 models were the less accurate models for the relationship between running speed and t lim . The curves derived from (12) and (14) did not describe accurately the relationships between speed and t lim (Figures 4(b) and 4(c) ). The only points corresponding to 10000 m performances were close to the curves derived from (12) whereas the only points corresponding to 1500 m performances were close to the curves derived from (14) . Consequently, the speed-t lim relationship would be better described by the mean values of ADC and S Crit :
Even if the description of the individual speed-t lim relationships was better with the curves computed from the mean values of ADC and S Crit in (12) and (14) (Figure 13 ), this new hyperbolic model is not optimal when it is compared with the figures of the other models.
Which Is the Most Useful Model?
The empirical models of running exercises are often used to estimate the running speeds over given distances, the endurance capability, and MAS. The race performance calculation requires 2 or 3 parameters depending on the model used. On the other hand, for each running model in the present study, there is only one (12) and (14) .
parameter that is an expression of the long-distance running capability. Indeed, parameter ADC in the hyperbolic models is not reliable and parameters k, S Max , and S 0 that are maximal speed indices are probably not useful for endurance runners. Similarly the parameter corresponding to the time constant ( ) in Hopkins' model is not useful. The useful parameters of the asymptotic model correspond to S Crit1 , S Crit2 , S Crit3 , and S ∞ . In theory, these parameters represent the fastest speed that can be maintained for a very long time. However, when S Crit1 was computed from exercises shorter than 20 min, the subjects were generally only able to maintain S Crit1 for less than 30 min and the running velocities that could be maintained for 60 minutes on a treadmill were largely overestimated by S Crit1 [59] . In another study on the relationship between critical velocity and marathon performance [60] , S Crit1 (4.43 m.s −1 ) was 44% faster than the marathon running speed (3.07 m.s −1 ). Nonetheless, the correlation between marathon performance and S Crit1 was more significant than the correlations with the other physiological parameters. In this latter study, it was possible to calculate an approximation of the marathon performance from S Crit1 (r = 0.87 and SEE = 14 min). Approximations of long-distance performances (> 10000 m) are probably also possible with S Crit2 , S Crit3 , and S ∞ since they are highly correlated with S Crit1 (P ≥ 0.965). For example, in the study on 12 trained middle-and long-distance male runners [56] , the correlation coefficients of S Crit1 , S Crit2 , and S ∞ with the maximal running speed during 60 min were equal to 0.90, 0.91, and 0.93, respectively. Amazingly, the correlation coefficient with the 60-min running speed was the lowest (0.80) for S Crit3 in these middle-and long-distance runners but the overestimation was the smallest (0.13 ± 0.21 m.s −1 ) as in the present study. It is likely that the logarithmic and power-law models that are not asymptotic are the best empirical models for the predictions of very long distances by extrapolation as suggested in Table 15 and Figure 9 . The predictions of the running speeds corresponding to 30 min, 60 min, and marathon by extrapolation of Morton's model were higher than the same predictions from the logarithmic and powerlaw models. But the overestimations of the running speeds corresponding to 30 min, 60 min, and marathon by Morton's model were lower than the overestimations by the other asymptotic models (Tables 15 and 16 and Figure 9 ). On the other hand, the predictions of competition performances between 1500 and 10000 m (for example, one or two miles or 2000 m) by interpolation should be better with the 3-parameter models by Morton or Hopkins whose accuracies were the best. Similarly, the running speed corresponding to 6 or 7 min (an estimation of MAS) should be more accurate when computed with these 3-parameter models.
The endurance index of the power-law model (exponent g) should be the most useful since it is the only endurance index that does not depend on t MAS (Section 5.2).
Which Is the Most Practical?
The most practical model should be the less sensitive to a slightly submaximal performance and the easiest to compute.
Unfortunately, no study compares the sensitivity of the different models to submaximal performances. However, in a previous study [61] , some results were assumed to be the effect of submaximal performances on S Crit1 model whose sensitivity was discussed in a review on the critical power concept [16] . Similarly, the values of parameter k that is an index of maximal running speed were overestimated in several physical education students in a previous study [55] , which was probably the effect of submaximal running performances. Indeed, in 4 physical education students, parameters k were largely overestimated since they were higher than 20 m.s −1 , whereas the maximal running speed is about 12.2 m.s −1 for the best world sprinter U. Bolt [62] . The comparison of parameters k of Ovett and Coe [63] is also a demonstration of the effects of submaximal performances on the modelling of running performances with the power-law model. Indeed, the differences between Ovett and Coe for the performances over 800, 1500, and 2000 m are around 1 second but the inclusion of longer distances (3000 m and 5000 m) causes large differences in the values of k and g. The value of k was largely higher than 12 m.s −1 for Coe but not for Ovett. The best performance for a given distance is probably maximal if the elite runner has run this distance many times, which was not the case for Coe in the 3000 m and 5000 m distances. In the present study, the sensitivity of Morton's model to submaximal performances could be not negligible. Indeed, the parameters of this model were significantly different when they were computed from different distance ranges although the differences between the estimated and the actual speeds were very low (< 0.5%). The sensitivity of Morton's model to submaximal performances could also explain why the correlation coefficient of S Crit3 with the 60 min speed was the lowest in the study on the twelve middle-and long-distance runners [56] .
Many runners compete over two distances, only (either 800 and 1500 m or 5000 and 10000 m or half-marathon and marathon). Their performances on the other distances could be slightly submaximal and, consequently, the 3-parameter models by Morton or Hopkins could be not optimal for these runners.
The 3-parameter models need a software that can compute the parameters by iteration. The 2-parameter models are easier to compute either by a nomogram [48] or by the current database software (Microsoft Excel, LibreOffice Calc, etc.). The calculation of S Crit1 is much easier than the parameters of the other models. Particularly, it is very easy to calculate S Crit1 from two running performances:
In addition, the S Crit1 model is the only model that can directly predict the performance corresponding to a distance from its parameters (ADC 1 and S Crit1 ):
In the present study, the other models can only predict performances corresponding to a value of t lim . In these models, the protocol presented in Section 3.3 is necessary for the prediction of a performance corresponding to a distance.
Conclusion
The comparison of the accuracies of the different models in the six elite endurance runners suggests that the most accurate model is the asymptotic 3-parameter hyperbolic model proposed by Morton and that the less accurate models are S Crit1 and S Crit2 models which are the most often used. However, it is likely that logarithmic and power-law models are the most accurate models for the predictions of longdistance performances (maximal running speeds for 30 and 60 min or marathon) by extrapolation. In addition, exponent g of the power-law model is an interesting endurance index that does not depend on t MAS . The comparison of the sensitivity of the different models to submaximal performances should be studied to select the most practical model.
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